Abstract. In this article, we apply the weak maximum principle in order to obtain a suitable characterization of the complete linear Weingarten hypersurfaces immersed in locally symmetric Riemannian manifold N n+1 . Under the assumption that the mean curvature attains its maximum and supposing an appropriated restriction on the norm of the traceless part of the second fundamental form, we prove that such a hypersurface must be either totally umbilical or hypersurface is an isoparametric hypersurface with two distinct principal curvatures one of which is simple.
Introduction
When the ambient manifolds possess very nice symmetry, for example the sphere, many results have been obtained in the study of the minimal hypersurface and hypersurface with constant mean curvature or constant scalar curvature in these ambient manifolds (One can see [7, 8, 11, 12, 15, 20, 23] ). Recently, Q. M. Cheng and H. Nakagawa [6] , and H. W. Xu [22] have proved the optimal rigidity theorem for hypersurface of constant mean curvature in a sphere independently.
In order to study hypersurface with constant scalar curvature, Cheng and Yau [9] introduced a new self-adjoint differential operator ✷ acting on C 2 -functions defined on Riemannian manifolds. As a by-product of this approach they were able to classify closed hypersurface M with constant normalized scalar curvature R satisfying R ≥ c and non-negative sectional curvatures immersed in complete and simply connected (n + 1)-dimensional Riemannian manifolds of constant sectional curvature c, which will be denoted by Q n+1 (c) and are also known as space forms.
By using the Cheng-Yau technique, X. Liu and H. Li [15] also obtained some rigidity theorems for hypersurface with constant scalar curvature. Therefore, it is important and natural to extend the Riemannian space forms to the locally symmetric Riemannian manifolds.
Let the ambient manifold N n+1 be a locally symmetric Riemannian manifold with sectional curvature K N and M is an n-dimensional complete hypersurface with constant mean curvature H in N n+1 . When 1 2 < δ ≤ K N ≤ 1 (δ is a constant) at all points x ∈ M and the squared norm of the second fundamental form S satisfies S < n+
n 2 H 4 + 4(n − 1)H 2 , S. Shu [21] and D. S. [10] has obtained the hypersurface M is totally umbilical hypersurface, respectively. H. W. Xu [24] has also obtained the same result when M is an n-dimensional closed minimal hypersurface with constant mean curvature H in N n+1 and sectional curvature K N satisfying the condition δ ≤ K N ≤ 1 at all points x ∈ M and the squared norm of the second fundamental form S satisfies S ≤ (2δ − 1)n.
Next, Li et al. [14] extended the result of [9, 13] by considering linear Weingarten hypersurfaces immersed in the unit sphere S n+1 (1) , that is, hypersurfaces of S n+1 (1) whose mean curvature H and normalized scalar curvature R satisfy R = aH + b for some a, b ∈ R. In this setting, they showed that if M is a compact linear Weingarten hypersurface with nonnegative sectional curvature immersed in S n+1 (1) , such that R = aH + b with (n − 1)a 2 + 4n(b − 1) ≥ 0, then M is either totally umbilical or isometric to a Clifford torus
By applying a weak Omori-Yau maximum principle, Pigola, Rigoli and Setti [17] studied the behavior of the scalar curvature R of a complete hypersurface immersed with constant mean curvature into a real space form Q , and gave some applications of it in order to estimate the norm of the traceless part of its second fundamental form. In particular, they extended the main theorem of [3] for the context of Q In this paper, let the ambient manifold N n+1 be a locally symmetric Riemannian manifold with sectional curvature K N satisfying the condition
we shall say the manifold N n+1 satisfies condition ( * ). We study the linear Weingarten hypersurfaces in a locally symmetric Riemannian manifold.
Like in the computation of ( [25, 26] ), we compute the scalar curvature of a point in N n+1 ,
It is known that K is constant when N n+1 is locally symmetric, so
From (2.3), we denote
where r is normalized scalar curvature of M . By investigating Cheng-Yau's operator ✷ given in [9] and using some new estimations, we want to study the linear Weingarten hypersurfaces in a locally symmetric Riemannian manifold as follows:
n c. The mean curvature H attains its maximum. Let φ stand for the total umbilicity tensor of the immersion and if
Then (1) either sup M |φ| 2 = 0 and M is totally umbilical hypersurface; or (2) M is an isoparametric hypersurface with two distinct principal curvatures one of which is simple and |φ| 2 = α(n, P ), where c = 2c 2 − c 1 ≥ 0. Remark 1.5. Equivalently, we can also state Theorem 1.1 in terms of the squared norm of the second fundamental form S, (1) and (2) 
either sup M S = nP and M is totally umbilical hypersurface; or (2) M is an isoparametric hypersurface with two distinct principal curvatures one of which is simple and sup M S = (n−1)(nP +2c) n−2
Then (1) either sup M |φ| 2 = 0 and M is totally umbilical hypersurface; or (2) M is an isoparametric hypersurface with two distinct principal curvatures one of which is simple and |φ| 2 = α(n, P ).
Preliminaries
If M is a hypersurface with constant mean curvature in N n+1 . Let {e 1 , e 2 , . . . , e n+1 } be a local frame of orthonormal vector fields in N n+1 such that, restricted to M the vectors {e 1 , e 2 , . . . , e n } are tangent to M , the vector e n+1 is normal to M . Let {ω 1 , ω 2 , . . . , ω n+1 } be its dual frame field. We use the following convention on the rang of indices:
Let K ABCD and R ijkl be the components of the curvature tensors of N n+1 and M respectively. h = h ij be the second fundamental form of M , the square of the norm of h is denoted by S = n i,j=1 (h ij ) 2 . It is well known that for an arbitrary hypersurface M of N n+1 , we have
Components R ij of Ricci tensor and the normalized scalar curvature r of M are given by
We denote the first and second covariant derivatives of h ij by h ijk and h ijkl respectively, which are defined as in [7] . Following [7] and [16] , we have
and the Ricci formula
Let K n+1ijk,l be the covariant derivative of K n+1ijk as the section of
The mean curvature of M is given by H = 1 n n i=1 h ii e n+1 , the Laplacian ∆h ij of the second fundamental form h of M is defined by ∆h ij = n k=1 h ijkk
Since N n+1 is complete and locally symmetric, thus
for all A, B, C, D, E. This together with (2.2), (2.7) and (2.8) implies
Following Cheng-Yau [9] , we introduce a modified operator ✷ acting on any
Choose a local frame of orthonormal vector fields {e i } in order to at arbitrary point x of M h ij = λ i δ ij , then at the point x, and by use of (1.1) and (2.10), we have
Putting (2.9) into (2.11), we obtain
Proof of Theorem 1.1
The following lemmas are useful in the proof of Theorem 1.1.
Lemma 3.1. Let M be an n-dimensional hypersurface in a locally symmetric Riemannian manifold N n+1 satisfying condition ( * ). If P = aH + b, a, b ∈ R and (n − 1)a 2 + 4nb ≥ 0. Then we have
Proof. From Gauss equation, we have
Taking the covariant derivative of the above equation, we have
On the other hand,
it follows that
Lemma 3.2 ([16]
). Let µ 1 , . . . , µ n be real numbers such that i µ i = 0 and
and equality holds if and only if
Choose a local frame of orthonormal vector fields {e i } in order to at arbitrary point x of M h ij = λ i δ ij , then at the point x we have
and we obtain
Proof.
This proves Lemma 3.5.
From the assumption of Theorem that n i,j=1 K ijji = const. and Lemmas 3.1, 3.3, 3.4 and 3.5, we obtain
where c = 2c 2 − c 1 .
Recall that |φ| 2 = S − nH 2 , so that (3.3) becomes
On the other hand, we have
and therefore, taking into account that H ≥ 0, we may write
Finally, we obtain
where (3.6) Q P (x) = −(n − 2)x 2 − (n − 2)x x 2 + n(n − 1)P + n(n − 1)(P + c).
for every X ∈ T p Σ, |X| = 1, and every p ∈ ∂B r , where B r denotes the geodesic ball of radius r centered at o. Set
Given f ∈ C 0 (R), assume that u ∈ C 2 (Σ) satisfies u * = sup Σ u < +∞ and
on the set Ω γ = {p ∈ Σ : u(p) > γ} for some γ < u * . If
and lim inf r→+∞ h * + (r) log volB r r 2 < +∞, (3.8)
As we shall see in the next section, the idea of proof of our main results is to apply Theorem 3.7 to the operator L, by considering the operator h given by On the other hand, conditions (3.7) and (3.8) are also satisfied if sup Σ |φ| 2 < +∞. Since P = aH + b, sup Σ |φ| 2 < +∞ implies that sup Σ H < +∞. Thus
and therefore (3.7) is automatically satisfied. As for (3.8), by (3.9) it becomes lim inf r→+∞ log volB r r 2 < +∞. (3.10) From sup Σ |φ| 2 < +∞, we also have that sup Σ S = sup Σ |A| 2 < +∞. Thus, we can estimate
and
Therefore, we obtain that the Ricci curvature of Σ is bounded from below. Since Σ is complete, by Bishops volume comparison theorem it follows that (3.10) is satisfied. As a consequence, we obtain the following weak maximum principle for L.
Corollary 3.8. Let M → N n+1 be a complete oriented isometrically immersed hypersurface with P = aH + b, (n − 1)a 2 + 4nb ≥ 0 and H attains its maximum on M . Assume that sup M |φ| 2 < +∞. If u ∈ C 2 (M ) satisfies u * = sup M u < +∞ and for a given f ∈ C 0 (R), L(u) ≥ f (u) on the set Ω γ = {p ∈ M : u(p) > γ} for some γ < u * , then f (u * ) ≤ 0.
Next, we will prove the main theorem. If sup M |φ| 2 = +∞, then (ii) of Theorem 1.1 is trivially satisfied and there is nothing to prove. If sup M |φ| 2 = 0, then (i) holds. Then let us assume that 0 < sup M |φ| 2 < +∞. This can be proved after a similar argument as in [1] , we omit the details here. Since (3.11)
Thus, from (3.5) and (3.11). Let u = |φ| 2 , we obtain (3.12) L(u) ≥ 2 n(n − 1) uQ P ( √ u) u + n(n − 1)P = f (u), where (3.13) Q P (x) = −(n − 2)x 2 − (n − 2)x x 2 + n(n − 1)P + n(n − 1)(P + c).
Therefore, by applying Corollary 3.1, the inequality (3.12), we have f (u * ) ≤ 0, from the inequality, we get
Since we are supposing that P > −2 n c, P R (0) = n(n − 1)(P + c) > 0 and the function Q P (x) is strictly decreasing for x ≥ 0, with Q P (x 0 ) = 0 at x 0 = (P + c) n(n − 1) (n − 2)(nP + 2c) > 0, therefore, we obtain sup M |φ| 2 ≥ n(n − 1)(P + c)
2
(n − 2)(nP + 2c) .
